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ABSTRACT. We give a conceptual proof of a result of Weil on the action on holomorphic differentials of the Galois
group of a covering of Riemann surfaces. We then study the decomposition of the canonical character for various
groups of automorphisms. Some examples include the Mathieu group Ma4.

1. Introduction.
Let X be a complete algebraic curve of genus g over the complex numbers k = C, and let Q% denote the

sheaf of holomorphic differentials on X. B N
We consider a finite group G acting faithfully on X, and thereby also acting on the space H°(X, (Q}()@)q).

We reprove a formula (2.13) due to Chevalley and Weil (see [4] and [11]) which describes H°(X, (Q%)‘X’q)
as a representation of G, for ¢ > 1. Let V be an irreducible representation of G; the formula gives the
multiplicity of V in H(X, (Q}()@)q) in terms of local ramification invariants. Our proof follows more or less
the same lines as Weil’s does, but is written in the language of modern algebraic geometry. We include some
examples to illustrate the facility of using the formula.

We wish to thank William Fulton for encouragement.

2. The computation.

We set up some notation. Let n be the order of the group G. We let X = )Z'/G; the curve X is
nonsingular, and has genus g, say. Its function field k(X) is identified with the fixed field k()? )¢, and the
extension k:()? )/k(X) is a Galois extension of degree n. Let 7 : X — X denote the covering map; it is a
finite map, therefore affine, and its degree is n. Let r be the dimension of the irreducible representation V.

Let

E=V*®c (%)%

It is a vector bundle on X of rank r and degree rq(2g — 2), and G acts on it in a way compatible with the
action of G on X. B

Consider the sheaf 7, E; it is a coherent sheaf because  is finite, and it is torsion-free because 7 is affine
(so that the operation 7, locally is just restriction of scalars). Let

E = (m.E)¢
be the G-invariants of E. It is the kernel of a pair of maps

n.E = H(W*E>
G

and so is a torsion-free coherent sheaf on X, thus is locally free of finite rank, i.e., is a vector bundle. In order
to determine its rank, we may examine F at the generic point of X; to do this, we replace X by its generic
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point, and regard E temporarily as a vector space over k()? ) and E = EC as a vector space over k:(X ). The
theory of étale descent [7], applied to the Galois extension k(X) C k(X), tells us that E Or(x) k(X)=E,
so that

(2.1) rank E = rank E = r

We remark that the possible presence of ramification for the map 7 prevents us from applying étale descent
theory to E and E themselves.

For a representation W of G, we let uy (W) denote the multiplicity of V' in W.

Because we use the Riemann-Roch theorem below, it turns out that in order to compute the multiplicity
py (HO(X (Ql )®7)), we need to compute gy (H* (X (Q1 )®9)), but that is not hard unless g = 0 and ¢ > 1.
We do that now.

For the case where ¢ = 1 we see that H' ()~( , Q}() is the trivial representation, for the residue map

HY(X,0%) = C
is a natural map, hence is G’—equivariant

For ¢ > 1, we know that H*(X (Ql )®9) =0 if g > 1, for then deg (Ql )®4 = q(2g — 2) > 2g — 2. But

if § = 1, then (Q})®1 = O for all ¢, and HY(X , (2%)®9) is the trivial representation. We omit the case
g=20.
Summarizing, we have
1 ifg=1lorg=1,
~ and V is the trivial representation
(2:2) pv(H' (X, (2%)8) = ¢ & . i g
X unknown ifg¢g>1and =0

0 otherwise

The “unknown” case with § = 0 is not so serious, for then G is a subgroup of PSLs(C), so must be cyclic,
dihedral, 24, &4, or 2As. The case where g = 1 is also rather restrictive, as then G is extension of a group of
complex multiplications by a torsion subgroup of the elliptic curve itself, acting as translations on the curve.

We begin the computation by pointing out how the multiplicities are related to the cohomology of E.

pv (H'(X, (9)°1) = dimm Hom (V, 1'(, (2)°"))
G

= dim (V" @c H'(X, (24)%))

— dim (V* ®c Hi (X, 7r* ( QL) ®Q)))
G

= dim H' (X, 7, (V ®c (QL )®q))

= dim H*

(
— dim H' ( )
(x.E)
— dim H' (X, E)

We have used the formula A A
H{(X,8)¢ = H'(X,S%)

for a G-sheaf S on X. In the case i = 0 this follows from the left-exactness of the functor H° and the
left-exactness of the sequence

(2.4) s -s=]]s
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The formula holds in the case ¢ = 1 because (in characteristic zero) the Reynolds operator

§— 8¢
1 g
ngf
oceG

provides a splitting for the first arrow in (2.4).
Applying the Riemann-Roch theorem for E, (2.3) twice, and (2.2) yields

v (HO(X, (2%)®9)) = dim H°(X, E)
=degE+r(1—g)+dimH" (X, E)
—deg E+7 (1~ g) +py (H'(X,(2%)°9)
=degE+r(1—g)+e

(2.5)

We remark that the Riemann-Roch formula for vector bundles on a curve can be deduced from the Riemann-
Roch formula for line bundles by using the fact that every vector bundle on a curve has a filtration by
subbundles for which the successive subquotients all have rank 1.

According to (2.5) it is enough to compute deg E. We do this by pulling E back to X and comparing it
to E. The natural map

Y E — E

is generically an isomorphism according to descent theory, as we have seen in the proof of (2.1). Since 7*E
is a vector bundle, hence torsion-free, it follows that ¢ is injective. We define F(V') = ckr); it is a coherent
sheaf on X with finite support, and fits into the exact sequence

(2.6) 05 7mE—E—FV)=0
We have
1
degE = —degn*FE

27) = (degE — deg}'(V))

q(2g — 2) Z dim F(V
PeX

Sl— 3I=3

Our object now is to compute the numbers dim (V) p. (By descent theory, we know that 1 is an isomorphism
away from the ramification points of 7, so if P is not a ramification point, then dim F(V)p =0.)

We make the standard observation that for P € X, the isotropy subgroup Gp C G fixing P is cyclic, for via
its representation on the tangent space at P, which is one-dimensional, we obtain an injective homomorphism
from Gp into the circle group U(1). We let ep = |Gp| be the ramification index at P. Let @ = w(P). The
group G acts transitively on the points of 7~1(Q), and the latter set has s = n/ep points; we name them
{P="P,P,,...,P}. Welet eg denote the common ramification index ep, =--- = ep,.

We replace X by its henselization at @, and modify X accordingly. This does not change the number
dim F(V)p, because for an étale map p: Y — X one has an isomorphism p*Q1 = Q1 and base-change by
the henselization is a filtering limit of such étale maps. (Presumably the completlon could be used in place
of the henselization.)

According to Hensel’s lemma, [2, Theorem 1.10, 1.14.2], we may write X asa disjoint union

X:Xplu---l_l)?ps
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of spectra of local rings. Since G acts transitively on the points P; the components X p, are isomorphic to
each other, so we have

(2.8) Z dim F(V)p, = % dim F(V)p.

This allows us to concentrate on P, or if you like, on Q.
Gp
Using the transitivity of G on the points again, we check that Ox = (O;()G = (O;( P) ; this is done

in the usual way, using a set of coset representatives for Gp \ G to obtain a G-invariant function on X
from a Gp-invariant function defined on Xp. The order of Gp is the same as the rank of O¢ ., regarded

as an Ox-module; this convinces us that Gp is the Galois group for the field extension k(X) C k()? P)-
It also follows that E¢ = (EP)GP . Thus we may replace X by Xp and G by Gp, thereby restoring the
connectedness of X , and putting us into the situation where G is cyclic.

Let z be a local uniformizing parameter at P, so that z°? is a uniformizing parameter at QQ; this is possible
because Oz p, is a henselian ring, being finite over the henselian ring Ox ¢, [10, 2.6.5], and thus one may
extract eQ—th roots of units in the ring, using the fact that the residue field C is algebraically closed and of
characteristic zero.

Let o denote the generator of G which satisfies 27 = exp (2mi/eq) z. For j € Z we let W(j) denote the
one-dimensional representation of G on which ¢ acts as multiplication by exp (2mij/eg). We record the
decomposition

(2.9) V=P W(ira)

which defines the weights ji g, ..., jr.q, at least modulo eg. Since
(2.10) dim F(V)p =Y _ dim F(W(jk.q))p

it suffices to consider the one-dimensional case where V' = W (j), some j.

Let (z) denote the fractional part, 0 < (z) < 1, of the real number x.

Let {w} be a basis for V, and let {w'} be the dual basis for V*. Since 7*E is a submodule of E, and E
is a free module of rank one over the discrete valuation ring O <P with generator w’ ® (dz)?, it is easy to
compute the colength of this submodule, which is the same as dim F(W(j))p.

To compute the invariants F = EC we consider a typical monomial w’ ® 2™ (dz)? of E and consider how
o acts on it. The monomial of lowest degree (smallest m > 0) invariant under G will be a generator for

7*(E®), and that same m will equal dim F(W (j))p. Using the equation

(w' ® 2™(d2)?)” = exp (2m‘%§+q) (w' ® 2™(dz)?)

we see that we seek the smallest m > 0 such that —j +m + ¢ is divisible by eg. Thus

(2.11) dim F(W(j))p = m :eQ<j‘q>.

€Q

Combining (2.5), (2.7), (2.8), (2.10), and (2.11), we obtain

i (HO(X, (@20 = 220 =2) ZZ<J’“Q D)+ rii-g) e

QEX k=1
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Notice that unless @ is a branch point of 7, the corresponding term in the sum is zero.
Applying the Riemann-Hurwitz formula in the form

- n
25-2=n(2g-2)+ Y —(eq—1)
and collecting terms we obtain

(212)  uy (HO(X, (QL)®9) = r(2q — 1)( +y Z ( <m>> +e

Qex k=1 €Q

It is possible to rewrite this slightly. For any s,t € N we have the identity

CRIE

Applying it to (2.12) with ¢t = eg and s = ji,g — ¢ we obtain

(213) v (HO(X, (25)%7)) = r(2q - 1)( +3 Z ( g—1)(1- i) <m>> te

Qex k=1 €Q

This is the the main formula of [4] and [11]. We rewrite this formula in the next section, in a form more
amenable to computation.

Let C[G] denote the regular representation of G, and let C denote the trivial representation of G. Just as
in [4], we may deduce that

H (X,0%) =Cl6l ! o C

when the map 7 is unramified, by comparing the multiplicities of V' in both sides of the equation for each
irreducible representation V.
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3. Decomposition of the canonical character, and examples.

The purpose of this section is to illustrate how one can use formula (2.13) to decompose quickly the gth
canonical character—i.e., the character of G on H 0( (Ql )®9). When the group is “large” in the sense
of Accola (see [1]) and others then there are only three—or very occasionally, four—classes of isotropy.
Moreover, the group is often dominated by a simple section (see [1] or [9]). On the other hand the most
likely event for a given character value of an ‘almost’ simple group is that it be an integer. After this, the
character value is likely to be quadratic. The relevance of this remark is that, in these cases, each of these
sums collapses into a single expression. Thus, one obtains a simple description of the gth canonical character
armed only with the character values at the monodromy.

Throughout this section we assume that g > 1.

Let us begin by rewriting (2.13). Choose representatives {(t;)}; for the G-classes of isotropy, with gen-
erator ¢; having index +1 about the fixed point. Let e; be the order of ¢;. Let v, = Vq(f(; G) be the gth
canonical character. For each x € Irr (G), let u, () be the multiplicity of x in 4. Then (2.13) may be
rewritten as

(3.1) tx (V) = (2¢ — 1) (g — D)x(1) + vy (vg) + ex(79);

where

(32 W= M@0 - D+ (I - St )
J k=1 J

and where

(3.3) Nji, = #eigenvalues exp (2mik/e;) for t; in x.

Recall from (2.2) that
0 ifx#1orifg>1
(Yq) = e P
1 ify=1landg=1

Now in situations as described above, the values vy;;(y4) can be computed quite easily, using a modicum of
arithmetic.

So, let us suppose that the character values x(t;) are either integral or quadratic. To fix the ideas, let
us confine ourselves to the case ¢ = 1—and drop the reference to ;. For simplicity of notation, we suppose
that e; is prime: this is no real restriction. The general case is similar.

If x(t;) is integral, then Nj, = Njj/, for all k, k' # e;. Indeed,

1) — x(t;
(3.4) Njx = Ny = %x(]) for k, k' # e;.
J

Since the terms involving k = e; in v,,; are all 0, we obtain that

ej—l

(3.5) Vysj = [x(1) — x(t;)], when x(¢;) is integral.

26]‘

When x(t;) is quadratic, we may obtain a similar result, by using a theorem of Gauss. This theorem states
that if (; = exp (27i/e;), then

e;j—1 1

> ¢ =gyt ).

k=

Here, (| ) is the Legendre symbol.
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But, there is one subtlety. In this case, N;i, = N;i whenever k, k' # e;, and both are squares or both are
nonsquares (modulo e;). Now when (—4|e;) =1 (i.e., when e; =1 mod 4), then

e;j—1 e;j—1
D k=D (e;—k),
k=1 k=1
k=0 k=0
whence we see that
e;j—1 e;j—1
13 1 < e;j —1
(3.6) — > (klej)k > (klej) k= J4 .
€ = e] k=1
k=0 k#0
However, it is a theorem of Dirichlet (first conjectured by Jacobi: see [6]), that when (—4le;) = —1, we
have:
1 ej—1
LN (ke k= hiey),
7 k=1
where

h(—e;) = class number of Q[,/—e; ].
In place of (3.6) we have

ej—l
e;j —(—4lej) h(—e;

€ =

k=0

(3.7) o
1 3 e+ (—4le;) h(—e;

€ =

k#DO

Whenever u,v € Q, and N is a square-free integer, we will write v = R(w) and v = I(w) for the rational
and irrational parts of w = u 4+ vv/ N. With this notation, the weights N;; can be written as follows.

x(1) = R(x(t5)) + e;1(x(t;))

o , k=no
(38 M) xR —etas)
Thus,
X)) = RO + e T0d) | e = 1 (1 (e ))h(—e;)
X537 ej 4
(3.9) LX) = ROx(ty) — e I(x(t) g =1 = (1= (=4le;))h(—e;)
€4 4
= G WD)~ B + 51~ (~4le; Dh(-e)Tx(t)

Note that (3.9) includes (3.5) as the special case I(x(t;)) = 0.

First, let us apply this to the classical situation of Hecke [8]: X = X (p) = (§ UP'Q)/I'(p) is the modular
curve of level p. Recall that, for N € Z, I'(N) = {m € SLy(Z) | m =1 mod N}. (Here §) is the upper half
plane.)
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In this situation, G = PSLy(F,), and the monodromy is represented by the elements ¢2, t3, t,, of orders
2, 3, and p, respectively. Recall that the conjugacy classes of t; and t3 are uniquely determined by their
orders. For ¢, there are two choices, these corresponding to a choice of \/p. An orientation of § picks out
the class we need. _

We apply the Riemann-Hurwitz formula to the map X = X (p) = X = X (1) to obtain that

0 p=2

PP —p 1/1 2 p-1
gp) = g(x()={ 1T 3 {‘”5<§+§+T)} p=s,
(p+2)(p—3)(p—5)
24

The characters of G are well-known: see [3, Note L]. We list here those values necessary for the decom-
position of v1. Set e = (—41|p), n = (2|p), ¢t = (=3 |p), w = exp (27i/3), and h = h(—p).

X 1 ty t t3

1 1 1 1 1
Be slp+e)  3(=1+Ep) en s(t+e)
Bz slpte)  3(-1-Ep) en s(t+e)

i p—1 -1 (=D'(e—-1) W +w ) (e-1)
0; p+1 1 (-1)(e+1) F(w' +w (e +1)
o p 0 n t

1<j<ip-4-¢), 1<i<i(p—2+e¢)

If we plug these values into (3.9), we obtain the multiplicities given in [8]:

X fix (1)

1 0
B. & [p—6—9e — 6en — 4u+12(1 — €)h]
o L [p—6— 9 —6en — 4+ 12(1 — €)h]

¢ | Hlp—1-(-1)BE—1)— (@ +w )20 —1)]
0; Llp—11—(-1)3(e+1) — (0w +w)2(t +1)]
o [P —6—3c— 4]

Note that, in this case, v; is roughly 1/12th the regular character of G. By contrast, in the case of a
fixed-point-free group, (2.13) shows that each v, is—‘to within e(v,)’—(2¢ — 1)(g — 1) times the regular
character.

Many more examples of this flavor can be constructed merely by demonstrating that the finite group G
can be generated by elements t,, t;, of orders a and b, respectively. Indeed, the thrice-punctured sphere is
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covered by $) and the covering group is free on 2 generators. A map of this covering group onto a finite group
G gives a surface X as the quotient of § by the kernel of the map. Concretely, one may realize these groups
as quotients of I'(2). By the Uniformization Theorem—or by direct computation—the analytic structure
extends to the punctures, in such a way that the complete surface so obtained is a Galois covering of the
sphere. The Galois group is of course G, and the isotropy is represented by (t,), (ty), and <(tatb)*1>. By
the rigidity of thrice-punctured spheres, these surfaces are in bijective correspondence with the conjugacy
classes of such pairs (tq,tp).

For example, G = 9y, can be generated by such a pair (to,t3), with |tats| = 23—in fact, this can be
done in four distinct ways. In the notation of [5], these pairs are of classes (2A,3B) and (2B,3A), and their
products lie in either 23A or 23B. These representations of G have been investigated by McKay. Indeed,
study of these examples led to the discovery of an embedding of PSLy(F7) as a maximal subgroup of G.

To see that such pairs exist, one can appeal to the character table: if F' is any finite group, and z, vy,
and z are elements of F, then the number of ways z can be written as a product of a conjugate of x and a

conjugate of y is:
_ |F| Yz )p(@)e(y)
" TNz, 2, T

One divides out the set of such triples by the action of Zp(z) in order to count F-classes.
The character table of G yields the following structure constants.

(z,y,2) &y

)

&y

(2A,3A,23A or B) 0
(2A,3B,23A or B) | 23

(2B,3A,23A or B) | 23

(2B,3B,23A or B) | 23

Any of the 3 x 2 pairs giving a product of order 23 generates a transitive subgroup of G. If proper, this
subgroup must be PSLQ(FQE}) (see [5, p. 96]). This can happen only for the pair (2B,3B). Thus, the other
four pairs give surfaces X2 A,3B° X2j[B73 A, each of genus:

1 1
g=1+ 5210335.7.11.23 (1 _____ _>

=1+28325.7.11.17.

Actually, the analytic structure of X* . 1s complex-conjugate to that of )?j «- The final multiplicities are
given in the table below (characters labelled as in [5]). Note that the multiplicities here are roughly 1/16th
the degrees.

x x(1) X2iA,3B Xis 3A X x(@) X2iA 3B X2iB,3A

X1 1 0 0 X155 X16 1035 70 65

x2 23 0 0 xi7 1265 63 80
X3, X4 45 3 2 x1s 1771 112 101
X5, X6 231 12 17 X9 2024 120 119
x7 252 9 10 X20 2277 133 145

xs 253 12 15 Xo1 3312 194 200

X9 483 21 27 X22 3520 203 213
X0 770 551,527 451,42~ X23 5313 315 330
xi1 770 521 55~ 421,45~ X24 9544 355 332
X12, X13 9906 64 63 X25 5796 364 351
x14 1035 55 55 x26 10395 646 652
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