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The purpose of this note is to draw attention to a theorem
of Almkvist which explains the ring of Witt vectors in terms of
a Grothendieck ring constructed from endomorphisms of free (or
projective) modules. From this point of view certain operations
on Witt vectors become transparent; for example, multiplication
comes from the tensor product of endomorphisms, and the ghost
coordinates arise from the traces of powers of an endomorphism.
Thus certain computations and definitions may be presented in a
wéy easy to understand and motivate, without appeal to such
notions as universal polynomials or the theory of symmetric
functions.

It is convenient to introduce the notion of A-ring; however,
the reader may read ring for A-ring throughout. A A-ring R
is a commutative ring R with 1, together with an operation At
which assigns to each element x of R a power series
lt(x) =1 + Al(x)t + ?\z(x)t2 + +++. This operation must obey
A Hy) = A ) - AL).

If A is a commutative ring with 1, let PB,. denote the

=
category of finitely-generated projective A-modules. The




cétegory gA is equipped with the usual notions of short exact
sequence, tensor product, and exterior product. The Grothendieck
group K, A= K P becomes a A-ring if we define [P][Q] = [P ®AQ]
and AE([P]) = [,AnAP], in light of the isomorphisms
P ®,(0 ® 0') =(p ® AQ)e(p ® ,0')and ANl ® p") =i§=n/\ip o Np'.
For instance, if A is a field, then K A = Z , the ring of
integers, and At(n) = (l-+t)n.

Let EEQA denote the category whose objects are all pairs

(p, £), where P & P, and f is an endomorphism of P. The arrows

A
(p, f)—>=(P"', f') are all maps g : P—>P' such that gf = f'g.
An exact sedquence in EEQA is one whose underlying sequence of
A-modules is exact. We make KOEQQA into a A-ring by defining
(p,£110, g] = [P ® ,Q, £ ®g] and A"[p, £] = [ AP, A'fl. The
ideal generated by the idempotent [A, 0] is isomorphic to KOA;
we denote the quotient A-ring by W(aA). It is convenient to
think of W as a covariant functor on the category of

rings A.

The additivity of the characteristic polynomial with respect
to short exact sequences means that L{P, f] = det(lP-Tf) defines
amap L : W(A)——*ﬁ(A). Here f1(A) denotes the multiplicative
group of power series in A[[T]] with constant term 1.

The group ﬁ(A) is the underlying (additive) group of the
ring of Witt vectors. The A-ring operations on %(A) are the
unique operations which are continuous, functorial in A, and
satisfy :

i) (1-aT) * (1-bT) = 1 — abT

ii) lt(l-—aT) =1+ (1—-aT)t




The theorem of Almkvist states that L is an injective ring
homomorphism whose image consists of all Witt vectors which are
quotients of polynomials ([1], [2], [3]). 1In fact, L is a A=ring

homomorphism, so we have

(#) W(A) is a dense sub-A-ring of ﬁ(A).

The hard part of the theorem is the injectivity. When A
is a field the injectivity follows immediately from the existence
of the rational canonical form for a matrix. The result is

surprising when A is not a field.

Fad
Here is an example of a computation in W(A) which is tedious

unless we perform it in W(A) :

(1-ar®) » 1-b1%) = 1) ) w1l By
cu Bed By -cf oo W
: 0 a 0 O
1 0 0 o

1 — 2abT? + a’plp?,

]

' A
There are certain auxiliary operations defined on W(a)

which can also be computed in W(a). They are ¢

1) the nth ghost coordinate ghn = W(A)—>A. It is the
unique‘continuous natural additive map which sends 1 — aT to a"

2) the Frobenius endomorphism Foo¢ ﬁ(A)—q-ﬁ(A). It is
the unique continuous natural additive map which sends 1 —aT

to 1 - anT.
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3) +the Verschiebung endomorphism Vn H ﬁ(A)—a-ﬁ(A). It is
‘the unique continuous natural additive map which sends 1 -aT to

1-—aTn.

We define similar operations on W(A) as follows :

fl

1) gh [P, f] tr(£"),

p, £%1, and

2) Fn[P, £l

D
3) v Ip, £1 = [T 7, wfl,
where vy_f is represented by 0 £
‘n - {10

with 1's on the subdiagonal and f in the opposite corner. The
matrix an is close to an nth—root of f, in the sense that it
describes the endomorphism X on the module P[X]/Xn—f = p®n,

One easily checks that the operations just defined are
additive with respect to short exact sequences in End,, and thus
are well-defined on W(A). We will demonstrate the compatibility
with the operations on W(A) later.

Since W(A) C ﬁ(A) is dense and the operations ghn, Fn’ and

~
v, are continuous, identities among them may be verified on W(A)

by checking them on W(A). Examples where this is easy are :

a) F (v * w) = F v *F, w,

b) ghn(v * w) = ghnv * ghnw ;

c) F V), =ns . _

d) gh Ve(v) ={a gh ,(v)  if aln

0 it af n.




The corresponding matrix identities are :

a') (£® ) =" @ ¢"

b') tr{((f ® g)M= trf® - trg"

ety (v O = [f
£

an tr((v )™ = {a (s if aln,
0 if af{n.

From (d) we may recover the usual expression of the ghost
coordinates in terms of the Witt coordinates. The Witt coordinates

of a vector Vv are the coefficients in the expansion

_ U S _
v o= 1:2 {1 aiT } = ;Egvi(l aiT).

We obtain ghn('v) = 2: a ag/d. Many modern treatments of the
dln
subject of Witt vectors take this latter expression as the

starting point of the theory ! It is easy to see why such an
approach can cause confusion.
d S m ,, dm-1
The logarithmic derivative of l-—adT is —z:ciad T
m=1 :

so we obtain the formula :

-1 av &
e) TV /dT=-Zghn(v) T D
n=1

which yields the exponential trace formula :

[a'e]
e') TL(P, £) Y A@(®, £)) /AT = -3 tr(g™) - T "
n=1




For example, when rank P = 2, we have tr(fz) = (tr:f)2 - 2 det f.

The rest of the paper is devoted to the proof of compatibility
of the operations on W(A) and ﬁ(A). The proof uses the following
basic principle from the theory of Witt vectors : to demonstrate -
certain equations it suffices to check them on vectors of the
form 1 —aT.

To be precise, we see that the functor W satisfies @

i) If A—=B is a surjective ring homomorphism, then
W(A)—W(B) is surjective. (This follows from the

dn

fact that an endomorphism of B lifts to an endomorphism of

A@nd

ii) If A is an algebraically closed field, then the group
W(A) is generated by elements of the form [A, al. (This holds
because any matrix over A is trigonalizable.)

Suppose V ig another functor which satisfies :

iii) If A-—>B is injective, then V(A)—**-V(B) is injective.

For the functor V we have in mind W or ﬁ(ﬁ). In fact, by

(¥}, V=W satisfies (iii), but we will not use this.

Basic Principle: If g,h : WB_»V are two multi- Z -linear

natural transformations, such that for all A and all al,---,ane A
g(la, a;1, <+, [A, a ]) = h(lA, a;1, ---, [A, 3 1), then g = h.
The principle is an easy consequence of the fact that every

ring is a quotient ring of a subring of an algebraically closed




to

The compatibility for product, ghn, Fn’

the following verifications :

0) (A & &, a; ® a2) = (A, alaz)

1) tr(a)™ = a"
2) L, a%) = 1-a°rT
3) L@a®?, v.i() = 1-at"

4) lt{A, al = 1+ [a, alt

Vv
n
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and A

t

reduces
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