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There are two localization theorems in algebraic K-theory which yield long
exact sequences for the K-groups of certain triples of exact categories: One
handles the quotient of an Abelian category [9], and the other relates a ring and
its localization by nonzero divisors.

We present here a localization theorem for certain categories of R-modules
flat over a base ring 4 (Theorem 4.8). The problem encountered in [6] was the
lack of suitable non-Abelian quotient categories for the filtration by relative
codimension of support: We find a suitable quotient category and use techniques
of Quillen to obtain the long exact sequence. The proof is longer than the proof
in [9] of the localization theorem for Abelian categories, and does not retain the
symmetry between monics and epis. This asymmetry leads to the introduction
of relatively torsion-free modules, for they tend to map into or onto enough
other modules. Useful tools include a generalization of Waldhausen’s cofinality
theorem and a modification of Quillen’s resolution theorem.

The quotient category obtained is not very computable; a slightly larger exact
category is more so. The K-groups are the same if cofinality can be established,
but we can only do this for codimension <1 (Theorem 5.2). This is good enough
to show that the first two sheaves in the resolution of ,(X) constructed in [6]
are flasque (Proposition 6.4). ‘

If X is smooth over S of relative dimension 2, and S is finite, then we can see
that A%(X) = H*X, A;) is generated by classes of coherent 0y-modules finite
and free over 0 , and the relations can be described (Section 9) with no reference
to higher K-theory.

Recall that when S is a field, 4% X) is the group of zero cycles on X modulo
rational equivalence. When S is not a field, 4%(X) may yield information about
the infinitesimal structure of the cycle class group, as in [2]; moreover 4% X) is
part of a graded ring 4'(X) which might harbor Chern classes for vector bundles
on the singular variety X.

The relations for A%(X) can be found by computing boundary maps from
higher K-theory and using the fact that K, of a local ring is generated by sym-
bols. They are those given by exact sequences and those of the form ¢(y, f, g) =0,
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464 DANIEL R. GRAYSON

where y is a point in X of codimension 1 in X and f, g € k(X)*. The symbol ¢
is defined in Section 9. If y is the only component of g =0 and y is not a com-
ponent of f (assuming now f and g are regular functions on X) then ¢(y, f, 2) =
[0x/(f, £)], and is the divisor of f as a function on the curve g = 0.

While computing boundary maps we found that to two exact sequences

E:0—->L—>M-—>N-—0,
F:0—>N-—>M-—>L->0

in an exact category ./ is associated an element T'(E, F) in K,.# (Proposition 7.7).
We use it to show that the boundary map K, — K, is the tame symbol when
we expect it to be (Corollary 7.13).

1. CoFINALITY

Suppose  is a full exact subcategory of an exact category & and is closed
under extensions in &. The inclusion # C 2 is called cofinal if for any Pe &
there is some Q € Z so that P @ Q € .#. In this case, Waldhausen has shown
that the map K;# — K;Z is an isomorphism for ¢ > 0 and injective for i = 0,
provided every exact sequence in & splits (see [3, Propositions 1.1, 1.3]), but
the result holds in general.

Tueorem 1.1. If M C P is cofinal, then KM — K, P is an isomorphism for
i > O and injective for i = 0.

Proof. Let 7 = ckr(Ko# — KP), and let [P] denote the class of P in .
Call objects Py, Pye & equivalent (modulo #) if P, § M, ~ P, ® M, for
some M, , M, € #. Equivalence is an equivalence relation, and we denote the
set of equivalence classes (P> by G. Define (P} + {Q> = (P @ Q> .(this
definition respects equivalence classes) and then G is a group (cofinality ensures
that inverses exist).

Suppose 0 — P’ — P — P” — () is an exact sequence in &. Choosing P, ,
P, so that P’ @ P, P" @ P, € 4 yields an exact sequence

0>P PP, -POHP,@P,->P @®P,—0
which shows that P @ P, @ P, € A by closure under extensions. Thus (P) =

—(Py @ Py = —(P) — (Pyp) = (P> + (P") holds in G.
It is now clear that G ~ #. According to [3, Proposition 1.1] we must show

that given P, ,..., P, € & such that (P> = -~ = (P,> € G, there exists a Q
in#sothat P, @ Q,..., P, ® Q € . In any case, thereisa Qsothat P, @ Q€
A, and thus (P R Q) = - = (P, ® 0> =0, so we may assume (P;> =

-+ == (P,»> = 0. Then each P; is equivalent to zero, so P, @ M;ec.# for

* suitable M; e . Now take Q = M; @ - @® M, 'and we are done. Q.E.D.
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2. ResoLuUTION

The following theorem differs from Quillen’s resolution theorem in that left
exactness is not required, but there must be enough projectives.

Turorem 2.1. Suppose M is an exact category, P is a full exact subcategory
closed under extensions, and for every object M of M there is an exact sequence
0—>P—>Q—>M—0 with P,Qc?P and Q projective. Then K, P =3 K. M
is an isomorphism for all i = 0.

Proof. Let & be the full subcategory of .« whose objects are all Fe #
such that F @ P € 2 for some P € 2. To see that # is closed under extensions
in A, let 0—>F —>F—>F"—>0 be an exact sequence with F', F"e #. If
F @®P,F @P’, P, P’c? then the exact sequence

0>F@®P >FOP QP >F @P' —0

shows FQ P QP e and Fe F.
Thus & is an exact category, and the cofinality of £ C & shows that
K, P ~ K, % is an isomorphism all ¢ > 0. (Surjectivity for 7 = 0 is clear.)
The resolution theorem of Quillen [9, Sect. 4, Theorem 3] will show that
K. % = K,/ once we verify

(i) given any M e #, there is a resolution 0 —F' —F — M — 0 with
F,Fe%,
(i) givenany0—>G—F— M —0in# withFe F,thenGe F.

To check (ii) let 0 — P —> Q — M — 0 be a resolution of M with Q projec-
tive and P, Q € &, Construct the pullback diagram

Then P,Fe % implies Te #, but T = G @ Q and Q € Z implies Ge £.
Now (i) follows from (ii) and the hypothesis. Q.ED.
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3. ReLATIVELY ToORSION-FrEE MODULES AND LOCALIZATION

Let 4 — R be a flat map of commutative Noetherian rings. We record first
the form of the local criterion of flatness we find most useful:

Lemma 3.1. Suppose M — N is a map of finite R-modules, and N is flat
over A. Then the following conditions are equivalent:

(i) M — N is injective and its cokernel is flat over A.

(i) M Q4 k(f) — N @, k(#) is injective for each prime s C A of the form
/= q N A where q is a maximal ideal of R.

(i) M — N is universally injective relative to A.

The lemma follows easily from [1, VII 4.1, p. 142].

Let #z,, denote the exact category of finitely generated R-modules flat
over A. If se R and M e .#,, then we call s a relative nonzero divisor on M
if s is a nonzero divisor on M and M/sM is flat over A, or equivalently, s is a
nonzero divisor on M @, k(#) for each 4. We call s a relative nonzero divisor
if 5 is a relative nonzero divisor on M = R. Now suppose we are given a multi-
plicative subset S of R consisting of relative nonzero divisors.

We say L € # »,, is relatively torsion-free if every s € S is a relative nonzero
divisor on L. Let & denote the full subcategory of .#p,, whose objects are the
relatively torsion-free modules. Since & is closed under extensions in g, ,
it is an exact category.

Lemma 3.2, If 0 M —L — N — 0 is an exact sequence in My, , with
LeXZ, then Me &.

Proof. For each s € S and each £ € Spec(4), we know s is a nonzero divisor
on M ® 4 k(#) because the latter is a submodule of L ®),, k(#), on which s is a
nonzero divisor. Q.E.D.

Lemma 3.3. Suppose f:L — M is a map in My, with L € L such that S-Yf
.15 an admissible monomorphism in Ms-1g,4 (i.e., is a monomorphism with flat
cokernel). Then f is an admissible monomor phism in M g, , .

Proof. 'The hypotheses yield the diagram
S7IL @4 k(£) C SIM @ 4 k()
U
L @4 k() 12> M @4 k(f)

for any 4 € Spec 4, which shows that f ® 1 is injective. Now apply Lemma 3.1.
Q.E.D.
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Lemmas 3.2 and 3.3 are the properties of £ which are most important for us.

ProrosiTION 3.4. The inclusion &£ C M g, 4 induces isomorphisms
K& 3 Kilga
on K-theory, i.e., the map
QF — OMr14
is a homotopy equivalence.

Proof. Since any free R-module is in &£, any N € A, , has a resolution of
length 1 by objects of ¥ (Lemma 3.2). In addition, if 0 > M —-L —- N—0
is exact with L € &, then M e %#. Thus the resolution theorem [9, Sect. 4]
applies. Q.E.D.

We now define an exact category ¥~ which plays the role of the “image” of &
in .ﬁ S—1R/A -«

DerFINITION 3.5. ¥ is the full subcategory of #s.15,, whose objects are
those V isomorphic to S—L for some L € Z.

Lemma 3.6. Suppose Le £, Me My, and SILC S-2M. Then for some
s € S there is a monomorphism p: sL — M which makes

sL C—?—» M
N i
SILC StM

commulte.

Proof. By shrinking L (replacing L by sL with s € S) we may assume L C im .
Let R —9 R* — L — 0 be a presentation of L. Choose f so that

Rm 2, Rn L 0
n/

fl/ fi

M —— SM
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commutes. Since S~Y(fg) = 0, shrinking L ensures that fy = 0, yielding the
mono A. Q.ED.

Lemma 3.6.1. If 0= V' — W — V" — 0 is an exact sequence of M s-15;4
with V', V"€, when We¥". Thus ¥ is an exact category. Moreover, the
exact sequence comes from an exact sequence in L.

Proof. Let V' = S8S-L', V" = S, with L',L" € &, and let W = SIM
with M e # (M may not be flat over 4). By Lemma 3.6 we may assume
L' CM; if N= M[L then V" = S-LN. Shrinking L" to arrange L” C N and
pulling back yields an exact sequence 0 — L' — L, —L" — 0 with S"1Lo >~ W
and Lye Z. Q.E.D.

DrerFiniTION 3.7. € is the full subcategory of Q.#y,, whose objects are the
objects of £.

The arrows of € may be represented by diagrams L << L; >— L', where by
Lemma 3.2, L, e . Thus an arrow L — L’ of € is determined by a layer
LyCL,CL’ admissible in #y,, and an isomorphism L ~ L,[L, .

DrerFiNITION 3.8. 2 is the subcategory of Q.# s 15,4 whose objects are the
objects of ¥7, but whose arrows are isomorphism classes of diagrams V <<-?
Vi>—> V' where V,;€¥ and kerpe¥".

DeriNITION 3.8.1. #" = W, is the full subcategory of A g 15,, consisting
of all W isomorphic to S—1M for some M e Mz, , .

LemMa 3.8.2. # is closed under extension in Mg, and thus is an exact
category. Moreover, the map Q¥ — QW is a homotopy equivalence.

Proof. Suppose E: (0 - S*M'— W — S71M" — 0) is an exact sequence
and M', M" € My, . Using finite presentation of W, we can find an exact
sequence D: (0 > N'—- N — N"—0) of R-modules so that S-1D ~ E,
There are maps f': N'— M and f": M" — N" so that S~If" and S-Y" are
multiplication by some s, s” € S. Pulling D back along f” and then pushing it out
along f’ yields an exact sequence C: (0 - M'— M — M" — 0) so that
S~ FEand Me Mg, -

Suppose W = S-IM and M € #,, . We may find a resolution B: (0 —~L —
F — M — 0) with F free over R and L € &£ by Lemma 3.2. Then S-1B is a
resolution of the form required to apply Theorem 2.1, and thus Q¥ — Q%"

* is a homotopy equivalence. Q.E.D.



FLAT MODULE LOCALIZATION 469

Since any epimorphism in % is admissible, L — S—*L is a functor a: ¢ — 2
which fits in the following diagram:

0L <@ < MR\,

[ ~ Js ()

grc—sgc oW «c QMg sg,q -

The upper maps are shown to be homotopy equivalences in the proof of the
resolution theorem [9, Sect. 4] used in Proposition 3.4; half of that proof applies
equally well to show Q¥ — 2 is a homotopy equivalence. That Z — Q%" is
a homotopy equivalence follows from Lemma 3.8.2.

DermiTiON 3.9. A is the full exact subcategofy of My, 4 consisting of all N
such that SN = 0.

Derinrrion 3.10. € is the category whose objects are all surjective arrows
(N <<= L") from QM y,;, with Ne A" and L' € &, and is a full subcategory of
the category of arrows in Qu#y,, . Thus an arrow in 5 from (N <« L') to
(Ny <« Ly) is an isomorphism class of diagrams:

N «—1IL'
b
Ny «—1L]
I 9]
Ny««—1Lg,
where the top square is commutative and the bottom square is Cartesian.

We let ¢ denote the functor 3£ > QA" given by ¢(N <<— L) = N; note that ¢
is fibered.

LemMa 3.11. ¢ 3 — QN is a homotopy equivalence.

Proof. By Theorem A [9], it is enough to show that each fiber ¢7Y(NV) is
contractible. Given N € .4/, there is a free R-module Ly and a surjection Ly—> N,
so ¢Y(N) is nonempty. The category ¢ }(N) has as objects all surjections
(N <« L') with L’ € #, and as arrows all commutative diagrams

Vet
|1

N <«——L".
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The natural transformations (N <<—L')— (N <L’ @Lg) « (N «—L,)
show that ¢~}(N) is contractible. Q.E.D.

Recall that the right fiber 0/a has as objects all pairs (0 —* S-1L’, L") where
is an arrow of & and L’ € &, and arrows are commutative diagrams:

S-iL’ L
0 571y b
S-11.” L

where f is an arrow of %.

We let dy: 2 — 0fa denote the functor dy(N <<~ L) = (0 <<= S7IL', L').
Let ey: # — € denote the functor ey(N << L') = L', so that the following
diagram commutes:

# -2 0/a

by

%

Consider the following diagram:

c an —5 Wi
/ b

c
0 la @
D

It is immediate from Definition 3.10 that the top square commutes up to
homotopy; so, does the bottom square, and the others actually commute. (To
avoid problems with base point, we assume all our categories have only one

zero object.)
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TuroreM 3.12.  The front square in (2) is homotopy Cartesian, and thus the
back square is too.

COROLLARY 3.13. There is a long exact sequence
> KN — Kyl p1g — KW — K, N — =

Note 3.13.1.  Given a cube of pointed CW-complexes such as (2):

T e
P ] >G
i'
. @)
1
/S(E' P —B'
B - B B

such that

(i) there are homotopies {: j'p =~ yj and 7: p'e =~ Bp, and

(ii) the other four faces of the cube commute,

we consider the square

F 2 > F

) l *)

QI

where @ = E X B! X3 G is the homotopy-theoretic fiber product (resp.
= ---) and A is the map

ANF—Q, .
x > (ix, pix = qjx, jx)
(resp. A is ...). Here w is the map
w: -2,
(e ¢, &) > (ee, p'ee —*> Bpe —> Bgg = '8, ¥8)-
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If further
(i) ¢'C =,
then we can construct a homotopy wA ~ X'g as illustrated

eix p'eix—ﬂ-li—p Bpix = Bgix = q'yix Yix

itgx p'ilex q'j'éx 3T¢x
If in addition
(iv) e, B,y are homotopy equivalences,
then w is a homotopy equivalence. To see this we use the following lemma,
Lemma 3.13.2. Suppose f: X — Y and g: Y — X are homotopy inverse maps,

and o: fg o~ 1 is a homotopy. There is a homotopy 8: gf ~ 1 so that the two
homotopies of and f3: fgf =~ f are homotopic (through homotopies of fgf with f).

Choose homotopy inverses é, B, 7 and homotopies for 8, 8 with this property.
The diagram

El 1)’ BI < q' GI

3

E—2>5>B—2>G

commutes up to homotopy (e.g., Bp’ ~ Bp’eé ~ BBpe ~ pé) so a slight extension
of the procedure by which we defined w allows us to define

@: 2 — 0
(¢, 0¢ g, &) > (o', pie’ — Pppic’ — Bpreee’ — fp'e’ £

We only draw the left half, for the right half is obtained by symmetry. The
following diagram shows that we ~ 1.

,

(cee’, p'ecece' — Bpee' — RBRpee’' —Bfp'cee'—RBp'e —BBc' | .
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The * marks the spot where we use the property from the lemma for B. The
same reasoning that has just shown that w has a right inverse in the homotopy
category applies to show that & has a right inverse. It follows immediately that
w is 2 homotopy equivalence.

Proof of 3.13.2. Let 7: gf =~ 1 be any homotopy, and define § = (gfn) o
(gof) o 1. The following diagram illustrates the homotopy we want.

£8
fgf -G—Tg-fﬁ——— fgfgf fgat - fgf 7 - £
of afgf of
f - fgf —-

Q.ED.
If we further assume
(v) g is a homotopy equivalence

then, since we have shown that (*) commutes up to homotopy, we may conclude
that X is a homotopy equivalence if and only if A’ is, i.e., the front square of (2) is
homotopy Cartesian if and only if the back square is.

In the case at hand, (2), we have

YN «—L') = (N <L),
7(0 <= L) = (0« S7L)

so that (iii) is clearly satisfied. This justifies the second part of the statement
of Theorem 3.12. I thank Richard Swan for pointing out to me that one must
be careful here.

The following diagram can serve as a guide to the proof of Theorem 3.12,
which will occupy the rest of the section.
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' ' Via

ol

.}f-—pr) gy

L

QN == &~ > b YY) 3)

DermniTioN 3.14. For Ve ¥ we define the category 6~Y(V). Its objects are
all pairs (V =~ SM, M) with M€ # y,, . An arrow is an arrow M — M’ in
O.M &, 4 which makes the following triangle commute:

/

14 ¢

N

S-1M’

SM

(This category is Fy in the notation of [9, Sect. 5, Theorem 5].)

DrriniTION 3.15. For Ve ¥, let %, denote the ordered set whose objects
are R-submodules L C V such that L€ .% and S-'L ~ V. For each L € .%, let
&, be the category whose objects are (admissible) monomorphisms (L C M) in
My, such that V ~ S-1M, and whose arrows are given by arrows (M >
M, << M’) in Q.# ,, which make the following diagram commute in g ,:

LC M

| ]
LCM,
|
Lcm
(This category is E} in the notation of [9].) When L’ CL are in .4, , there is an

~ obvious functor & — &:. We define the functor r.: &, — b7Y(V) by
r(LCM)=(V=S8M M)
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Lemma 3.16. For any VeV, the map

v lim - b3)

Le'Sy)

is an isomorphism of categories (note that (,)° is a filtering ordered set and the
L’s get smaller).

Proof. First, we check surjectivity on objects: given (V = SM, M)eb (V)
we use Lemma 3.6 to find 7: L C M with S-IL = V; by Lemma 3.3 7 is an
admissible mono of .4z, and thus an object of &, . '

Second, injectivity on objects: given L € #, and (4: L C My), (i L C Myeé,
suppose (V =~ SM;,M,) = (V== S7M,,M,). Then M, = M, and
S-1i, = S-1, . For some s € S, we know s(i; — #,) = 0, so by replacing L by sL
we see that (sLC M,) =(LCMy)eéy .

Third, surjectivity on arrows: Suppose L € £, and(:: L C M), (i:LC M")e &,
and we are given an arrow from (V =~ SM, M) to (V =~ SM’, M) in
b-Y(V), i.e., an arrow f: M — M’ in Q.# g, which makes

SM
s
VvV 2 S-if
N
S1M’

commute. We may assume that f is either injective or surjective; say it’s in-
jective. Then S-(fi —i’) = 0 so for some s& S we know sfi = si’. Thus f
gives an arrow in & :

sLC M
v
|
sLCM’
which does the trick.
Finally, injectivity on arrows is clear. Q.E.D.

DEerINITION 3.17. Given Ve¥ and Le$,, we define a functor ;:
&, — QN to be k(L C M) = M|L on objects, and to act on arrows as dia-
grammed:
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ALCM~ ML
\'

R
LC M, {— ML
-

(LCM'J ML

Checking that k; is a functor amounts to showing that if

M >——s M,

Pood

My >—— M’
is a Cartesian square, each of whose corners contains L, then

MIL >— ML

b

My/L >— M'/L
is also Cartesian, which a diagram chase shows easily.

Lemma 3.18. Give VeV andLe %, , the map ky: &, — QN is a homotopy
equivalence.

The proof is the dual of the proof of [9, Sect. 5, Lemma 2].

Lemma 3.19.  The functor ry: €, — b~YV) is a homotopy equivalence.

Proof. Given L' CL in 4, , the diagram

oA

oN

éaL éaL'

commutes up to the homofopy given by the natural transformation M/L <« MJL'.
Thus, by Lemma 3.18, &, — & is a homotopy equivalence, so by Lemma 3.16,
so is 7y . Q.E.D.

Dermvrrion 3.20.  Given Ve 7, let &, denote the category whose objects
are pairs (V o~ S~*M, u: M — L') where u is an arrow in Q.#;, and L' € &,
and whose arrows from (V =~ SM,, M, — L) to (V =~ S-'M, , M, — L)
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are commutative squares in Quf g, compatible with the isomorphisms in
OM 5-1r/4°
U,
(V # S7M,y, My ——Lj)
u s—xflz lf l
W # SM,, M, ’—u,—“"Li)'

Lets,: &, — b4V be the functor s, (V == S*M, M — L)y =(V==S§M,M),
and let ,: @, — V/a be the functor t,(V = S*M, M —>"L') = (V—S-iL,L").
We must verify that S-1f: S~2M — S~1L’ is an arrow of 9, if f is injective this
is clear, so suppose f is surjective, f: M <« L’. By Lemma 3.2, ker(f)e &, so
ker(S-Yf) € ¥" and thus S-f is an arrow in 2. ‘

Levma 3.21.  The functor sy: Gy — X V) is a homotopy equivalence.

Proof. Since sy is fibered, it is enough to show that each fiber s (V =
S-1M, M) is contractible; that fiber is simply the category % of maps in Qull g,
from M to an object of #. Let (¥ be the full subcategory of # whose objects are
the surjective arrows (M <— L) with L, € 2. If X = (M <<—L; >>L)isan
object of %, then L, € £ by Lemma 3.2. If we let X = (M «—Ly)e 7%, then
the arrow X — X given by the diagram -

Me——10L, L,

}(ll\li

M <«<«—1L; >—L

is a universal arrow to X from an object of (. Thus the functor X — X is an
adjoint to the inclusion (7 C #. Now we can see that (¥ is contractible just as in
the proof of Lemma 3.11. QED.

Lemma 3.22.  The functor ty: 9y — V]a is a homotopy equivalence.

Proof. Since t, is cofibered, it is enough to show that each fiber VYV —
S-1L’, L") is contractible. Now the arrow V — S-1L' in 9 is represented by a
layer ¥, C V; C S-1L" and an isomorphism ¥V o V,/V,, such that V, C V; is
an admissible monomorphism of ¥”. The fiber mentioned above is equivalent
to the ordered set of layers Ly C L, CL’ (admissible in g, with L, ,L,e %)
such that S71Ly =~ V, and S-L; =~ V;, By Lemma 3.3 this set is nonempty.
Moreover, it is filtering, because for any two such layers L, CL, , LyCLjof L,
there is an s € S such that

L,CL]
sLy s,y

L,CL, QED.
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DerintTiON' 3.23. Given Ve and Le.%,, the functor g H — &L is
given by g (N — L) =(LCL @ N). The functor p;: # — %, is given by
PN —>L') = (V== SHL@ON),L @ N—L @L'). The functor d;: # — V]a
is given by dj(N —L') = (V =~ SYL ® N) > SYL @ L), L ®L"). This
agrees with the earlier definition of 4.

We claim that diagram (3) commutes: d; = ¢, o p, is clear. Also, s, pr(N—L")
=sy(V=SHLON),LON>LPL) =V =SYYLPN),LON)=
r(LCL @ N) = r,q,(N — L'), so s, p; = r,q; . Furthermore, kg = ¢ is
clear.

It follows from Lemmas 3.11, 3.18, 3.19, 3.21, and 3.22 that every map in (3)
is a homotopy equivalence.

Proof of Theorem 3.12. We know that dy: # — Ofa is a homotopy equi-
valence; it only remains to show that all the base-change maps V/a— V'[a are
homotopy equivalences, and for this purpose it is enough to treat base-change
byi:0 >— Vandj: 0 << V.

Consider the following diagram, where L € .%,:

oN ~ H ~ Via
L N e
QN = 8~ bH0) < — Gy —> Oa

We define functors 7, j: 4 — &, by i{ N -'L') = (0 == S-IN, N>~ L @
N> L@L)and j(N - L) = (0 2 SIN, N«~L @ N =0, L ®L).
It is easy to check that t,7 = i*d,, t,j = j*d, , and r,g, = so@ = s,j. Thus *
and j* are homotopy equivalences. Q.E.D.

4. LocaLIZATION IN CODIMENSION 2

Let A — R be a flat map of noetherian rings, and let .#2 ;4 denote the exact
category of finitely generated R-modules of codimension >p flat over 4. In
order to apply the results of Section 3 to determine the third term in the exact
sequence

D41 D P+1
one —’KiﬂR/A - Ki‘ﬂR/A — ! Ki-—l‘ﬂR/A - e

we must impose some constraints on R. For instance, when p = 0 there must
be relative nonzero divisors annihilating each M e /% /4 - For p > 0 we must
find sufficiently many quotient rings R’ which themselves have enough relative
nonzero divisors.
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DerFintrioN 4.1. If A is local with residue field %, call R pure (over A4) if
the closure in Spec(R) of any associated point of a fiber R )4 k(£) contains an
associated point of the closed fiber R @, 4.

This definition is taken from [10]. For the rest of the section A4 is local and
has residue field .

DerInrrioN 4.2. Call R superpure over 4 if any nonzero quotient R’ of R
defined by a regular sequence of length p > 0 is pure over A.

Lemma 4.3. (i) R is pure over A if and only if every f € R which is a nonzero
divisor on R R4 k is also a relative nonzero divisor in R.

(i) If R s local and the map A — R is local then R is superpure over A.
(iti) If R is smooth over A with connected fibers, then R is pure over A.
(iv) If Ais Artin, then R is superpure over A.

Proof. (i) follows from Lemma 3.1, as does (ii). As for (iii), the points of
Spec R which are associated points in their fibers are of the form pR where
p € Spec A. Statement (iv) holds because there is only one fiber. Q.E.D.

LemMma 4.4. Suppose R is superpure over A and R Q) , k is Cohen—Macaulay.
Then .

(i) for any Me M} (4> there is a relative monzero divisor feR with

fM =0,

(i) if feR is a relative nonzero divisor, then R' = R|fR has Cohen—
Macaulay closed fiber,

(iii) for any nonzero M € M7y, , there is a relative regular sequence (f ..., f5)
in R so that fM = - = f,M =0, and

(iv) A%5 =lim M., is a filtering inductive limit of exact categories,
where the limit runs over all quotients R’ of R by a regular sequence of length p.

Proof. (i) Since R ®,k is Cohen-Macauley, its associated primes are
minimal, and since supp(M) N Spec(R ®, k) = supp(M ®,4 k) has co-
dimension 1 in Spec(R ®, k), we may choose f € R vanishing on M and not on
the minimal points of R Q)4 .

(ii) Clear.
(iii) Follows from (i) and (ii) by induction.

(iv) 'The system is filtering, for if R} and R, are two such quotients of R,
we may find a third dominating both of them by applying (iii) to M = R; ® R; .
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CoROLLARY 4.5. There is a long exact sequence
> Kol 3s— KoMl 34 — lim K(Wria)—>
where the limit runs over all R’ as in (iv).

Proof. Use Corollary 3.13. Notice that the transition maps for the system
KW, 4 are defined on the level of topological spaces by the universal property
of homotopy fibers. Q.E.D.

For the remainder of Section 4 we assume 4 — R is superpure with Cohen—
Macaulay closed fiber.

In actuality, the transition maps are realized on the level of exact categories
as follows: Suppose R; and R, are quotients of R defined by relative regular
sequences of length p. Let S, and S, denote the sets of relative nonzero divisors
in R; and R; . Suppose R; is smaller than Ry, and p: R; —> R, is the canonical
surjection.

Lemma 4.5. p(Sy) = S, .

Proof. By Lemma 4.3(i), we may assume A = k. The associated primes
of R, are minimal, and thus are also associated primes in R; , because the two
rings are Cohen—Macaulay and have the same codimension. Thus p(S;) C S, .

Suppose fe Ry and p(f) € S;, and let 4, ,..., £, be those minimal primes of
R; not containing I = ker p. Now since 4; is prime, f; P (V;.: 7 N I, so choose
Ji ¢ fis and f; € (Vjus 5 O 1. The only thing that could prevent f from being
relative nonzero divisor is the possibility that f € 4, for somez. Letf' = f+ 3 f;
where the sum runs over i with fe #;. Then f — eI and f' ¢ |J #; . Thus
feSyand p(f') = p(f). Q.E.D.

CorOLLARY 4.6. S7'R; — S;'R; is a well-defined surjective ring homo-
morphism, and vestriction of scalars defines an exact functor '/IfR; 14— 'YI/R; Iy
which in turn yields the transition map in (4.4).

Since S7'R; = S;'R,, it pays to adopt notation to deemphasize the role S,
plays.

DreriNiTION.  A(R'[A) denotes S-LR’, where S is the set of all relative nonzero
divisors in R'.

DEFINITION 4.7. Let #7%/%t denote the category of R-modules W with the
property that for some quotient R = R/(f; ,..., f,)R of R by a relative regular
sequence of length p with (fy,..., f,)W = 0, W is a A(R'/4)-module and is of

¥ the form M Qg k(R'[A) for some M e My, .
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Turorem 4.8. (i WPIPHL —Hm W g, where the limit runs over R’ as
R/A IR % R4
above, and is an exact category,

(il) there is a long exact sequence
p+1 ? 2/p+1
> K Mpjs— KMya— KW i —

Proof. The point is that #: /4 is actually a full subcategory of the category
of all R-modules. Q.E.D.

The map K. M3, 4~ KW 2% comes from an exact functor b: My —>
WA described as follows: Given Me M3, , find an R’ which supports it,
and take M ®jz- k(R'|A). The resulting R-module is independent of the choice
of R'. ’

It is likely that the functor A%, — W R4 is the universal exact functor
killing .#%7}, but that doesn’t seem worth pursuing.

If A is a field, then % 5/%*" provides an explicit construction for the quotient
Abelian category 7/ M5, at least when R is Cohen—Macaulay. Compare
this with the quotient of an abelian category by a localizing Serre subcategory
[11, p. 40].

5. CorINALITY IN CODIMENSION 1

Let A — R be as in Section 4, that is, superpure, with Cohen-Macaulay
closed fiber.

\

DeFiNiTION 5.1, Let #3/5+ be the category of R-modules X with the
property that for some quotient R = R|(f; y-s fo)R of R by a relative regular
sequence of length p with (fy 5., f)X =0, X is a finitely generated k(R'[4)-
module flat over 4. :

Note that % 5/5 C MR/

TuEOREM 5.2. Suppose A — R is essentially smooth and A is Artin. Then
WL C MYEH is cofinal for p < 1.

Proof. The case p = 0 was implicitly handled in [6, Theorem 3.8]: The
closed fiber of £(R[A) over 4 is a field, so flatness of X over A4 implies freedom
of X as k(R/A)-module, and thus X comes from a free R-module.

Suppose p =1, and X e.//l}{fA . Choose R’ = R/f'R where f' is a relative
nonzero divisor and X is a finitely generated k(R’/4)-module. Let T' be the
semilocalization of R at the minimal primes of R’ &), k: this amounts to in-
verting all elements of R which map to relative nonzero divisors in R'; moreover,
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the elements inverted are relative nonzero divisors of R, as well. We see easily
that:

(1) T'®,4kis a regular semilocal ring of dimension 1,
(2) KT'[4) = k(R/4),
() T'[f'T" = k(R'|4).

A By (3), X is finitely generated as T”-module, so we may find a resolution

E:(0—>U—F—X—0),

where F is a free T'-module of finite rank. By (1) and flatness of X, U ®, kis a
free T’ @, k-module, so by Nakayama’s lemma, U is a free T'-module. Since T’
is a localization of R by relative nonzero divisors, we may find an exact sequence

D:(0—R*—> R*—~ M —0)

such that D Qg T’ =~ E, and by (3.3) we know M e .#y,,. The remaining
problem is that perhaps f'M 5 0. Since f'X = 0, then 0 = X ®; k(R/4) =
M ®g k(R[/A). Choose a relative nonzero divisor f"e R so f"M =0, and
assume f divides f”. Let R” = R|f"R,; since M is supported on R”, we see that
M @z R(R"|A)e W}, . Let T" be the semilocalization of R at minimal
primes of R” %), k; we list its properties:

(2) K(T"[4) = k(R/4),
3) T'f'T" = k(R"[|A).
Consider the diagram

M Qg T"——>> M @z kR"[4) = W

l {

X =M@gT ——>> M QgkRA).

The top map is an isomorphism because f”M = 0, the bottom map is an
isomorphism because f'X =0, and the right-hand map is surjective by
Lemma 4.5. »

So W— W ®pT = X is surjective; since 7" is a localization of T” by
elements which are relative nonzero divisors on R’, there is some % € R which
is a relative nonzero divisor on R’ so that 2Y = 0, where Y = ker(W — X).
Since no prime of height 1 in R” ® 4 & contains both & and f, no prime of T”
contains 2 and f" so (k, f')T" = 1, and we can let 1 = ah + bf" in T". Notice
that 0 - ¥ — W — X — 0 is an exact sequence of T"-modules.

Define W— Y asw  w(bf’). (whf’' € W because f'X = 0.) If we Y then
whbf’ = w(l — ah) = w. Therefore Y @ X =~ W. Q.E.D.
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CoroLLARY 5.3. There is a long exact sequence
o> Kol oy g — Killyy s — KMl }is— Ky Miga—
which ends at KoM }g//zA .

Proof. Apply Theorems 1.1 and 4.8. Q.E.D.

6. FLASQUENESS
Let A be an Artin local ring with residue field & and S = Spec(4).

LemMa 6.1. If R is a Noetherian flat A-algebra and R ® 4 k is Macaulay
then k(R|A) = T1 k(R,|A), where y runs over the minimal primes of R.

Proof. Since R ®, k is Macaulay, the relative nonzero divisors of R are
those elements f contained in no minimal prime x. Thus k(R/4) is the semi-

localization of R at its minimal primes, and is the product of its local rings.
Q.E.D.

PROPOSITION 6.2. If R is an essentially smooth A-algebra, then

2/p+1 2/ p+1
Mpa = I_I M Ryl 4 >
s

where y runs over all primes in R of height p.
Proof. We simply combine Definition 5.1 with Lemma 6.1 applied to
R = R/(fy, fp)R. Q.E.D.

DeriNITION 6.3. If X is a flat S-scheme, let K2/**' = m,, (BQ.#*(X]S),
BO.#?(X]S). Let #2/**(X|S) be the sheaf on X associated to the presheaf
U — K?/*+(U]S), and let #;?(X]S) be the sheaf associated to U— K #*(U/S).
(See [6, Sect. 1].)

PrOPOSITION 6.4. If X is a smooth S-scheme, ¢ > 1, and p < 1, then

AP, S) = @ (Kol (0] A),
¥

 where y runs over all points of X of codimension p, and thus is a flasque sheaf.

Proof. The case p = 0 is treated in [6, Theorem 3.8]. For p = 1 the result
follows from Corollary 5.3 and Lemma 6.2. Q.E.D.
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CoROLLARY 6.5. There is an exact sequence

@ Ki'%(0x.,14) —~ HYX, £ 57X, 8)) > HY(X, Hy(X)) — 0.

Progf. 'This follows from the exact sequence

0— Ay — AV > A2 A 0

obtained in [6, Corollary 1.6].

7. Tame SYMBOLS

Let R be a ring, TCR a multiplicative set of central nonzero divisors,
F = TR, and let 5 be the exact category of R-modules of projective dimen-
sion 1 killed by T. There is a long exact sequence

s ¢+1F—d—’Ki=9f—’KiR">

If f,g € T, the symbol {f, g} is an element of K,F. We propose to calculate
dif, g} e K, #.
'The long exact sequence results from the homotopy Cartesian square [5]:

~

S-1S(Pp) «—— S-1E' S-1E pt

I o |

QH —— QP

We must find a representation of {f, g} which is easy to lift to S-1E’ from
S-18(Z).

Consider the commutative diagram in S-15(%;) depicted in Fig. 7.1. Here s
denotes the isomorphism of F? = F @ F which interchanges the two factors.
Since the boundary is (0, 0), we have described a certain element y of m,S-1S(%,)
= K,F. Notice also that the arrows in Fig. 7.1 have as first component either s
or id, and these isomorphisms come from isomorphisms of R?; this will make
the lifting possible.

For computations in the Steinberg group, we will abuse notation and consider
(f) and (§ %) to denote the same matrix. We now do some calculations along
the lines of [7], and adopt the notation there.

The diagram in Fig. 7.2 represents the image of y in mF’ = G(F) =~ St(F) X
GI(F). It follows that

7o) = (B(s)arOD f(s)-1)(id.0 @D () (id.1 O f(5)-1)-1
= k(s)lid70@D - R(5)(hI®D . k(s) - k(s)(id. SOV
=j((fg @ )7 x) k(s) (8 @ 1)7" % ) k()2 ((f D 1) e 5) &(s)
=J((f8) x5) " (g7 %) (f1 x9)").
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(0,0)
(F2’F2) id,gopl (F ’Fz)—‘—"—j
id, f@l id, fol
=2,F%) id,g0l 2,5%)

/ AN
(0,0) s s s, s (0,0}
N /
(F2,F2) id, leg (F2,F2)

id, f@l id, f»l

(FZ,FZ) id, leg (FZ,FZ)
/! AN
(0,0) 5,8 s,s (0,0)
EZ,F% id,gpl e (FZ,FZ)/
Ficure 7.1

485

Here s also denotes the matrix (0 3). Let w = ((37). Then g xw = [I(g),

wy(1)] = (Pas(8) wy(1)) wio(—1) = w35(g) wio(—1) = ha(8)-

Let
—1 00 O
;) 0 10 O
1o o1 oY}
0 00 —1
the image in GI(F) of hjy(—1). Then
01 0 0
1 0 0 0
w= oo |1 |0 |=®1OE

\0 0 0
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(0) (0,0)
3 222,
id,ge® 1 l
(2) (r?,72)
id,f @ 1 l
(2) (72, r?)
s,s l (0,0)
(2) (72,52
id,f @& 1 T
(2) (r2,7?)
T s,s 7 \(0,0)
(2) #2,82]
T id,g & 1 r
(2) (r2,7?)
l s,8 l \(0,0)
(2) (Fz,F2>/
l id,f @1 l
2) v2,¥%)
T s,s T \(0,0)
(2) #2,52) -
T id,fe 1 T
(2) , (r%, 5%
@ 0,8
Ficure 7.2
Thus
grs=gxwt = (gxw)-((gx—1)"")
= (gxw)({g, —11*7) = (g * w)g, —1}.
Also
l=gxl=guxs®=gux((w)})
= (g wwt) (g xwt)” = (g %) - (g %9)%
SO

(g %9)° = (g %)™
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Thus
y = ((fO) %) xs) gt ws)?
= ((fot xw)(f ) (g™ %) (o)™ — 1}
L = g =1 = ()7 el ) a7
={fLeg"={fg"
We have shown (for any ring F):

PRrOPOSITION 7.3. The element of K,F represented in Fig. 7.1 is {f, g}.

It is hard to see directly that Fig. 7.1 and Fig. 1 from [7] are homotopic.
Now we lift Fig. 7.1 to S-LE’. We depict objects of S~ E" as pairs (P, QO —> M)
where P, Q € P and M € #. Arrows are of the following three types:

(P,Q—>>M)—>(POP,Q P —>M)

. (P g—» J‘\//I) © (P, Q—> M)
[T S A A T
(PO > M) - (P, Q> M)

In Fig. 7.4 is depicted an element of mS—1E’; it is a lifting of Fig. 7.1 and
is uniformly four times as large. (The notation used in Fig. 7.4 is as follows. We

have objects
A = (R,R—>0),

B = (R, R —> R[f),
C = (R, R—> Rfg),
D = (R, R —> R|fg),
0=(0,0—->0)
in S-1E'. The arrow s is the switch isomorphism. Unmarked arrows are iden-

tities. The other arrows all involve the identity map on the S component, and
involve arrows from E’ as follows.

R—>0
A

|1

R > R|f

R—>0
v

A
o
R —>> R|f
R —>> Rjg

\ \
7 v
R —> Rlfg.

.
T+ O W n e
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N :
roa—981 gl o
£o1 lf ®1 lf ®1
B®aA 9®1 Lpea-Ll91 B&aAa
Tl ® 1 Tl ®1 Tl ® 1
rea—981 _cgp 101 o
0 {Is fls fls 0
™~ l1eg l1e1 s
A®A —> A6 C Aea
‘1 ®1 ll @1 ll ®1
Bea 199 _pgcl@l o
Tf ®1 tf o1 fo1
leg 1e1

ol ‘\\
O\SS s fis 0
rea—9®8L1 g l@01 o4

[ L
Ficure 7.4
| |
[—O R/g 710-—
R/f R/fg R/f
0 R/g —3> 0
R/f >——>R/f 8 R/g ——3 R/E
0 > R/g —=> 0 ——
, L

Figure 7.5
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The arrows 1: A—~C,1: B> D, 1: C— D, g: A— C, and g: B — D are
analogous.) It is now easy to apply the forgetful functor S-1E' — QA to

Fig. 7.4, yielding Fig. 7.5. _
If . is any exact category, then we can always get an element of Ky M as

follows. Suppose
E0—>L—->M—>N-—0,

F;0-N->-M—->L—0

are two exact sequences in . Let T(E, F) denote the class in Ky = mQ.l
of the commutative diagram in Fig. 7.6 in Q./:

! r ;
L M 1,
0 N 0
L L &N L
? : :

Ficure 7.6

Note that if M =L @ N and E and F are the usual exact sequences, then
T(E,F)=0.
With this notation we have:

ProposITION 7.7. Given f,ge T, let E = (0 — R|f — R|fg — Rjg —0)
and let F = (0 — Rjg — R|fg — R|f — 0). Then d{f, g} = T(E,F).

Remark 7.8. IfL = 0, it is easy to see that T(E, F) = [N, 6], where 8 is the
automorphism N — M — N, and [N, 6] is the element of K; defined by
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- Note that

N

o/Se\Ao
N S

N

represents the same class in mQ.#; this follows from the fact that 7, Q. acts
trivially on wQ. 4.

We can use the fibration S-S — S7E — Q & if # is semisimple [4] to
see what the corresponding element of m.S-1S = K,.# is. We may lift to SE
and get the diagram in Fig. 7.9; we have actually lifted

Z
I

which can be seen to represent the same class in 7,Q.# by using homotopies
such as

AN
AN

“(The notation used in Fig. 7.9 is as follows. We have objects
A = (0, N3> N),

B = (N, N - 0),
C=(0,N—>0)
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A A

g

A Sl :¥

o
~

Ficure 7.9

of S-1E and arrows

0 N—0
|1
0 N—>>N

c
A
0 0 00
A A
A 0 N—>>N.
The arrow 4 — A @ B arises from the action of .S, and the equality C © B =
B @ C is just that; it is not the switch map. We let 6 denote the arrows which
are 1 on the S component, and  on N.)

The boundary of (7.9) yields the class in the following lemma.

A A
0 L 0
N A
pr,
3 LO®L L
L ing h pr;
i
-0 —> L 0 —

Ficurs 7.12
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Lemma 7.10. If M is semisimple, then [N, 0], as defined in Remark 7.8, is
given by the path

(0, 0) - (N, N) —L— (N, N)— (0, 0)
in S-1S.
We treat now the case where E = F.

Lemma 7.11. If E =F then T(E,F) = [I2, ¢ })].

Proof. E = F meansL = N, so we can transform Fig. 7.6 into F ig. 7.12.
The top half of Fig. 7.12 can be tucked away by folding on the diagonal, and
the bottom half can be recast as

: l
0 L 0

!
A 1 ®
/ IIldlnl »0—-‘

e}
R
N
o

]

where s = (7 §). Folding this along the diagonal yields the result. QE.D.

CoroLLARY 7.13. If R is a discrete valuation ring with valuation v and
vesidue field k, and T = R — O, then d{f, g} is the usual tame symbol in K\k = k*
given by

T(f, £) = (—1pafiog—iH,

Proof. Let 7 be a uniformizing parameter. Then Lemma 7.11 shows that
d{m,m} = [k, (}5)] = —1. If f, g € R*, then d{f, g} = O because {f, g} comes
from K,R.

If fe R*, then d{f, 7} = [k, f] = f by Remark 7.8 and Lemma 7.10.

These three cases of the formula, together with additivity of both sides, yield
the result. Q.E.D.
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8. DIVISORS

We return to the notation of Section 3.
In this section we will compute the effect of the map

d: KV — Ko N

from Lemma 3.13 on the elements T(E, F) defined in Fig. 7.6. It will be clear
that the computations will apply equally well to the boundary map in the
localization theorem for projective modules. We anticipate the calculation with
the following definitions.

Call L C V a lattice if Le & and S7L = V. If L, L, are lattices in V, then
there is a lattice L with LCL, and L CL, (e.g., L = sL, for suitable s € S); let
x(Ly , Lg) = [Ly/L] — [Ly/L] € KoA". It is easy to see that x(L, ,L,) does not
depend on L.

Suppose By = (0> V' >V — V'—>0)and Ey=(0—>V"—V— V'—0)
are exact sequences in ¥". There are exact sequences F,=0—>Lj—~L—

— 1i j Ly/Ly
0 LY Ly /Ly — 0
0 LY 0

I

Lé————»o

L— o LY »I ‘
I

Ficure 8.2
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Li—0) and F, = (0 >L;—L,—~L;—0) in & so that S-1F; = E; and
S-1F, = E,, by Lemma 3.6.1. Let x(E, , E,) denote y(L,,Ly) — x(L;,L3) —
x(L7,L3) € KgA". If F, CF, are two exact sequences of lattices in E,, then
XSZ1 s Lo) = [Ly/Ly] + x(Ly , Ly), ete, so x(Ey , Ey) = x(Ey , By) + [Ly/Ly] —
[L L] — [L{/L]] = X(E, , E,). Since the set of suitable F, is filtering, x(E; , Ey)
is independent of the choice of Fy; similarly for F, .

ProrosiTioN 8.1. d(T(E,, E,)) = x(E;, E,).

Proof. We choose Fy,F, as above. We may assume L, DL,, LiDL;,
and L] D L; by replacing F, by sF, for large s € S. We lift as much as we can
of Fig. 7.6 (in which L, M, and N have been replaced by V', ¥, and V") along
the map Q¥ ;. — Q¥ and obtain Fig. 8.2. Its boundary is in Q.A", and
represents [Ly/Ly) — [Ly/Ly] — [Li/Ly) = x(Ey , Es). QED.

CoroLLary 8.3. IfVe? and 6: V — V is an automorphism, then d[V, 6] =
x(L, OL) where L C V is a lattice.

Proof. Let E, = (0—0— vV Vo0 and E,=0—>V—->1V—->0-0)
so that [V,0] = T(E,,E;); let F; =(0-—>0—L-—>0L—0) and F, ==

(0 —L —L —> 0 — 0). Then y(E, , Ey) = x(L, L) — x(6L, L) = (L, 6L).
QED.

9. DEscripTION OF H¥(X, X))

We return to the notation of Section 6, where S = Spec(4), X is smooth
over S, and 4 is an Artin local ring with residue field .

Suppose that X is a family of surfaces; then there are no modules of co-
dimension 3 in X, so

HYX, A 7%(X]S)) = D Ko'(Ox.0/4),

where x runs of points of codimension 2 in X, i.e., closed points in X. (Notice
that the modules in A#2%0y ,/A) are finitely generated free A-modules.)
Let A%(X) denote H*(X, H#3(X)); from Corollary 6.5 we have the exact

sequence

@ KV¥0,/4) > @ KX0./A) — A(X) — 0.

We must compute the image of d; in order to get relations for A%(X).
Notice that @, has dimension 1, so

Ki%0,/4) = K,'(0,/4).
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It follows from [6, Theorem 1.3] that K;(0,/A4) — K,%@,/A) is zero, and thus
d, ,: K¥0,/]4) — K,X0,/A) is surjective. Suppose X is irreducible. From
[6, 3.8] we see that K3/%(0,/A) = K;k(X/S). Since (X/S) is a local ring,
K;k(X]S) is generated by symbols {f, g} where f, g are (relative) nonzero
divisors in @, . Thus sufficient relations for A% X) are given by elements
dy(dy.,{f, ) Suppose x € X is a closed point. Since everything above is con-
travariant in X for flat maps, we may replace X by X, = Spec(0,) in order to
compute dyo(dy ,{f, &}) € Ko¥(0,/A). By additivity we may assume f, g el,.
LetR =0,

E, = (0 - (RIf), ~ (Rife), — (Rlg)y > O),
F, = (0~ (Rig)y — (RIfg)y — (RIf )y~ 0)-
Then dy {f, g} = T(E,,F,) € K;}(0,/A) by (7.7). Now by (6.4); K} 0,/A) =

@, K;4(0,/A) where z runs over points in 0, of codimension 1. For those
2 £~y let

and

E, = (0 — (Rlf). — (RIf @ R[g). — (Rlg). — 0),

F, = (0 — (Rlg). — (RIf ® Rlg). —~ (R[f). — 0).

and

(Note that all but a finite number of these are zero.) Let E, = @ E,,F,=@®F,.
Since the functor #Y0,/A) — M1%(0,[A) carries R[f (resp. Rg) to D(R[f),
(resp. ®(R/g),) we see that E and F have end terms actually in W10, A). From
Lemma 3.8.2 and Definition 4.7 we see that E and F are in W/%0,/A). For
2 # v, we know T(E,,F,) = 0 in K;Y(0,/4), so T(E, ,F,) =% T(E, , F;) =
T(E, , F,). Thus dy (dy ,{f, &) = do. o T(Es,Fo)) = X(E , F,;) by Proposition 8.1.

The above furnishes a complete description of the relations for 4% X) with
no reference to higher K-theory; still, it is very complicated.

To sum up, for each triple (y,f, g) with y € X a point of codimension I,
£, g € R(X]S)*, there is a family of elements ¢, = (¥, f,8) € KX0,/A) for a
finite number of closed points x in the closure of y. If f,g€0,, then ¢, =
x(E, ,F,), where E,, F, are constructed from f and g and y is described in
Section 8. Finally, 4% X) is the quotient of @ K¥?,/A4) by the subgroup
generated by the elements ¢(y, f, §) = Yo (3, £, 8)-

Observe that if f, g € 0¥, then ¢, = x(E, , F,) = 0. Moreover, if y is the only
component of f or g which passes through x, then y(E,,F;) =0 (because
T(E,,F,) comes from K,Y0,/4)).

' IffeOF, then T(E, , F,) = [(0:lg), , f1; if moreover y is the only component
of g, then x(E, , F,) —= x(Rlz), f * (Rlg)) by Corollary 83, so0 ¢, = [0,/(f, &)] €
K20,/ A). The latter element is the one we would expect to be the divisor of f
considered as a function on the support of g.
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